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SECTION A 
Attempt ALL questions in this section. 


Question 1 [10 marks] 


(a) Show that, for n € N \ {0}, 


1 
1474747 +...47%1 = (7-1) 
6 


(b) If they exist, determine the supremum and infimum of the following sets, justifying 
your answers. 


(i) X, ={x ER: 2! < 16} 


(ii) Xy= {xe R= > 1} 


Question 2 [10 marks] 


(a) Write the following complex numbers in the form z+ iy with z,y € R. 


(i) 2 = (5 + 34)(2 — 31) 
7 —2i 
3 + 5i 


(ii); Zo = 


(b) For each of the following complex numbers find the modulus and complex conjugate. 


(c) Find all z € C with z+ =i. 


(Question 4 is on page 3.) 
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Question 3 [10 marks] 


Consider the functions 


f:R\{1}— R\ {0}, 2 —— and g:R—>R,r+> Vaz?+1 
5 oa 


(a) Determine whether f and g are injective, surjective or bijective, justifying your an- 
swers. 


(b) Find the images of f and g. 
Question 4 [10 marks] 


(a) Determine whether the following sequences (un)nen are monotonic. Are they increas- 
ing or decreasing? In each case, discuss the behaviour of the sequence as n — oo. 


on 
0) te 2 
“ COS NTT 
Gi). t= 5 


(b) Determine which of the following series converge and which diverge, justifying your 
answer. 


Question 5 [10 marks] 


(a) Determine at which x € R the function f : R > R is differentiable and find f’(a) for 
these values, where 


(i) f(x) = («? —4)8 


(ii) f(x) = In(a? + 1) cos 


(Question 5 (b) is on page 4.) 
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(b) Suppose that the function f: X —> R, «+> y is differentiable. Find a where 
possible and explain any restrictions, given that, for all x € X, x and y must satisfy 


ry” +sin(xy) + e* =0 


Question 6 [10 marks] 
Consider f : RR R, r+ 22° 4+ 32? — 362 4+ 12. 


(a) Determine the intervals on which f is increasing or decreasing. 
(b) Determine the intervals on which f is concave up or concave down. 
(c) Find all the relative maxima and relative minima of f. 


(d) Sketch the graph of f. 


Question 7 [10 marks] 


(a) Find all solutions of the following system of linear equations 


32+ 2y—-—z = 
22-yrz = 


(b) Given matrices 


1 2 0 3° 2 24 0 
A=|10 -11|,B=|0 1|, andC=|2 0 -2 
01 1 dip oa (ae 


determine which of the following are defined and calculate those which are: 


AB, BA, CB, B+2CandA-C. 


Le 22 = 

—14 -l 
(c) Find the determinant of the matrix D = : ; 1 
OO. 0 9 


(Question 8 is on page 5.) 
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Question 8 [10 marks] 
i 2 

(a) Find the inverse of the matrix A= |1 0 —-1l 
Uy al 


ih. (ct 
(b) Find eigenvalues and eigenvectors of the matrix B = i | 


SECTION B 
Attempt AT LEAST TWO questions in this section. 


Question 9 [10 marks] 


For k € R consider the function 


Gk ife <0 
f:R—R, grr 1 ; 
ifx>0 


xt+l1 


(a) Find & such that f continuous at x = 0. 


(b) Show that f is then continuous on R. 


Question 10 [10 marks] 


d 
Show that a? = nz" forn € N\ {0}. 


(Question 11 is on page 6.) 
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Question 11 [10 marks] 


Consider a rectangle inscribed in a semicircle of radius r, that is, two of the vertices of the 
rectangle are on the circular arc and one side of the rectangle lies on part of the diameter. 


(a) What are the dimensions of the rectangle of largest area which can be inscribed in a 
semicircle as above? 


(b) What are the dimensions of the rectangle with largest perimeter which can be in- 
scribed in a semicircle as above? 


Question 12 [10 marks] 


(a) Given vectors u and v in R°, show that 


lu x vl? = ful?ly|? — (w-v)?. 


(b) Let A and B be distinct points in R°. Show that the distance, d, of the point P € R? 
from the line through A and B is given by 


eo |PA x PB| 
JAB) 
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